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The nonlinear initial value problem that models the relative orbital Keplerian motion is expressed using the
quaternions algebra. Then, this problem is solved and closed-form expressions for the relative position and relative
velocity are obtained. The procedure that allows solving completely the relative orbital motion is purely analytic,
without any geometrical considerations. The closed-form expressions hold for any chief and deputy inertial
trajectories and have no singularities. The solution offered in this paper is presented in a coordinate-free form that
allows a variety of expressions, depending on the coordinate system that is chosen and on the orbit elements that one
wants to use as independent variables (time, eccentric anomaly, true anomaly).

Nomenclature

(a, b, ¢) triple vector product of vectors a, b, ¢
eccentricity (dimensionless)

eccentric anomaly, rad

true anomaly, rad

specific angular momentum, m? /s
mean motion, rad/s

semilatus rectum, m

unit quaternion

radius vector, m

time, s

unit vector

universal functions

velocity vector, m/s

magnitude of vector w

angular velocity, rad/s
skew-symmetric tensor (matrix) associated to
vector @

Earth gravitational parameter, m3/s?
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HE relative orbital motion problem may now be considered

classic, because of so many scientific papers written on this
subject in the last few decades. This problem is also quite important,
due to its numerous applications: spacecraft formation flying,
rendezvous operations, distributed spacecraft missions.

The analysis of relative motion began in the early 1960s with the
paper of Clohessy and Wiltshire [1], who obtained the equations that
model the relative motion in the situation in which the chief
spacecraft has a circular orbit and the attraction force is not affected
by the Earth oblateness. They linearized the nonlinear initial value
problem that models the relative motion by assuming that the relative
distance between the two spacecraft remains small during the
mission. The Clohessy—Wiltshire equations are still used today in
rendezvous maneuvers, but they cannot offer a long-term accuracy
because of the secular terms present in the expression of the relative
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position vector. Independently, Lawden [2], Tschauner and Hempel
[3], and Tschauner [4] obtained the solution to the linearized
equations of motion in the situation in which the chief orbit is elliptic,
but their solutions still involved secular terms and also had singu-
larities. The singularities in the Tschauner—-Hempel equations were
removed firstly by Carter [5] and also by Yamanaka and Andersen
[6]. Later on, the formation flying concept began to be considered,
and the problem of deriving equations for the relative motion with a
long-term accuracy degree raised, together with the need to obtain a
more accurate solution to the relative orbital motion problem [7].
Recently, Gim and Alfriend [8] used the state transition matrix in the
study of the relative motion. The main goal was to express the
linearized equations of motion with respect to the initial conditions,
with applications in formation initialization and reconfiguration.

Attempts to offer more accurate equations of motion starting from
the nonlinear initial value problem that models the motion were
made. Recently, Gurfil and Kasdin [9] derived closed-form expres-
sion of the relative position vector, but only when the reference
trajectory is circular. Similar expressions for the law of relative
motion starting from the nonlinear model are presented in [7,10-12].

The relative orbital motion problem was also studied from the
point of view of the associated differential manifold. Gurfil and
Kholshevnikov [13] introduced a metric which helps to study the
relative distance between Keplerian orbits. Gronchi [14,15] also
introduced a metric between two confocal Keplerian orbits and used
this instrument in problems of asteroid and comet collisions.

In 2007, the authors of the present paper [16,17] offered the
closed-form solution to the nonlinear unperturbed model of the
relative orbital motion. The method led to closed-form vectorial
coordinate-free expressions for the relative law of motion and relative
velocity and it was based on an approach first introduced in 1995
[18]. It involves the Lie group of proper orthogonal tensor functions
and its associated Lie algebra of skew-symmetric tensor functions.
Then, the solution was generalized to the problem of the relative
motion in a central force field [19-21].

An inedite solution to the Kepler problem by using the algebra of
hypercomplex numbers was offered by the authors of the present
paper [22]. Based on this solution and by using the hypercomplex
eccentric anomaly, a unified closed-form solution to the relative
orbital motion was determined [23].

The present approach offers a quaternionic procedure to obtain
exact expressions for the relative law of motion and the relative
velocity between two Keplerian confocal orbits. The solution is
obtained by pure analytical methods and it holds for any chief and
deputy trajectories, without involving any secular terms or singu-
larities. The relative orbital motion is reduced, by an adequate change
of variables, into the classic Kepler problem. It is proved that the
relative orbital motion problem is superintegrable. The quaternions
play only a catalyst role, the final solution being expressed in a
vectorial form.
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The main result of this paper is the closed-form general solution
for the relative orbital motion (in the unperturbed situation). This
solution is obtained by using an adequate quaternionic change of
variable in the nonlinear initial value problem, which governs the
motion. To obtain this solution, one has to know only the inertial
motion of the chief spacecraft and the initial conditions (position and
velocity) of the deputy satellite in the local-vertical-local-horizontal
(LVLH) frame. Both the relative law of motion and the relative
velocity of the deputy are obtained, by using the quaternion instru-
ment that is developed in the first part of the paper.

Another contribution of the authors is the expression of the
solution to the relative orbital motion by using universal functions, in
a compact and unified form. Another expression of the unique
solution to the relative orbital motion problem may be found in [23],
by using hypercomplex numbers.

The use of quaternion-valued functions instead of tensor-valued
functions is preferred, because from the computational point of view
the quaternion expressions are easier to handle. Also, quaternions are
a more familiar term than tensors.

Sec. II contains an overview on the algebra of quaternions, useful
for the present approach. Sec. III presents the quaternionic formu-
lation of the relative orbital motion. Sec. IV offers the closed-form
solution to this problem. Exact quaternionic expressions for the
relative law of motion and the relative velocity are deduced in Sec. V.
A special attention is paid to the ellipse—ellipse situation, where the
equations of motion are offered in a closed-form exact expression
with respect to the eccentric anomalies of the two satellites.

The Appendix offers the scalar equations which are obtained for
the law of motion and the velocity from the general solution
presented in this paper.

II. Mathematical Preliminaries
A. Algebra of Quaternions
Quaternions were introduced by the Irish mathematician Sir
William Rowan Hamilton in 1843. He defined a quaternion as an
expression of the form

q=w+xi+yj+zk (1)

where w, x, y, z are called the constituents of the quaternion and i, j,
k are called imaginary units [24]. The imaginary units satisfy the
well-known equalities

2=j=k*=-1; ij=-ji=k

jk=-kj=1i; ki=—ik =] )

The first constituent w of a quaternion is named real part, and the last
three constituents, x, y, z (in this order) form the vector part of
quaternion q. We shall use quaternions in order to model rotations.
We shall use the “modern” form of quaternions, namely a pair
between a real number and a three-dimensional vector:

q = (ap. a) 3

where a, is a real number and a is a vector. Here q, is named the real
part of q and a the vector part of q. A vector quaternion is defined as a
quaternion with zero real part.

The set H of quaternions is an noncommutative, associative four-
dimensional division algebra with respect to the scalar multi-
plication, quaternionic sum, and quaternionic product, defined
as [25]

Aag, a) = (Aay, Aa);

q, = (a9, a);q; = (by, b);

q; +q> = (ay + by, a + b);

q,9> = (aphy —a - b, aob + bya + a x b)

“)

where - represents the vector dot product and x the vector cross
product. From the mathematical point of view, the quaternion algebra
is important because, according to the Frobenius theorem, it is the
only noncommutative finite dimensional division algebra.
Remember that an algebra is a vector space where an additional
internal operation, usually named product, may be defined. The
dimension of an algebra is the algebraic dimension of the above-
mentioned vector space. A division algebra is one where the division
operation is possible; i.e., for any elements a and b, with b # 0, there
exist two unique elements x and y in the algebra, such as
a = xb; a = by 5)
For a quaternion q that has the form as in Eq. (3), its conjugate is
denoted q* and it is defined as q* = (ay, —a). The norm of the
quaternion q = (ay, a) is defined by

lallE Vaq* =y/a} + [af? )

where |a| denotes the magnitude of vector a. We will use the same
letters to denote a vector and its corresponding vector quaternion, i.e.,
r = (0, r). Remember that the vector dot product and cross product
may be expressed in a quaternionic way as

{a'bz—%(ab—f—ba); o

axb=14(ab—ba)

as it follows from Eq. (4).

Quaternions are used mostly in rigid body kinematics. The motion
of a particle on a sphere with a constant radius is described with the
help of time-depending quaternions in the following way:

r (1) = q(Hroq*(?) (8)

where r = r(¢) is the vector quaternion that models the motion, ry, is a
constant vector quaternion, and q(¢) is a time-depending quaternion
that satisfies ||q(7)|| = 1. The finite rotation with angle & € [0, 27) of
some vector r,, around an axis that has the orientation modeled by the
vector quaternion u, ||u|| = 1 is modeled by [25]

r =q(u,0)ryq*(u, @) )

where q(u, ) is defined as

q(u,a) = (cos%,usin%) (10)

B. Darboux Equation

In rigid body kinematics, an important problem is how to describe
the instantaneous rotation of a rigid body when its instantaneous
angular velocity is given [26]. The classic approach leads to a Riccati
differential equation, which was explicitly solved only in a particular
situation, namely when the instantaneous angular velocity is constant
[27.28].

The rotation with angular velocity @ of a constant vector r is
described by

r = Rr, (11)

The instantaneous angular velocity vector @ associated to the proper
orthogonal valued function is defined by

& =RR” 12)

where the matrix @ is related to vector @ by

O —ws3 Wy
®=| ws 0 —w (13)
—w, W 0
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and vector w is represented by Cartesian coordinates with respect to a
right-handed orthonormal basis {e, e,, €3}:

® = W€ +w2e2+a)3e3 (14)

In the contemporary language, the solution to the Darboux
equation offers the rotation matrix that models the rotation with a
given instantaneous angular velocity @ (which must be a continuous
vector function). The matrix formulation of the Darboux equation is

R=6R, R(n) =1, (15)
where 7, > 0 denotes the initial moment of time and R is a 3 x 3
matrix whose elements are differentiable scalar functions.

The rotation matrix R associated with vector @ is the solution to
the initial value problem (15), and it is a proper orthogonal matrix
function, i.e.,

RRT =1;, detR =1 (16)
When using quaternions in order to describe rotations, let us consider
o the vector quaternion corresponding to the instantaneous angular

velocity vector and q the unit quaternion that models the rotation.
The quaternionic operator defined as [29]

def

»=90q" 17

rotates any constant vector r, with instantaneous angular velocity .
From Eq. (12) it follows that

or) =R, (R;'r)) (18)

and by using vector quaternions we may rewrite Eq. (18) as

3 (wry —Tow) = q(q*Toq)q* + q(q*1oq)q* = qq*1[ + reqq
(19)

Because ry is an arbitrary constant vector quaternion, from Eq. (19)
we deduce that the unit quaternion q that describes the rotation with
angular velocity @ is the solution to the Darboux-like equation

i=24.  q()=1 20)

where 1= (1,0). Here, @ is the vector quaternion associated with
vector @ from Eq. (15).

In the present approach, a greater attention is paid to the rotation
with angular velocity —, where w is a continuous vector quaternion
function. By taking into account Eq. (15) and the expression of R, in
Eq. (17), it follows that the continuous rotation with instantaneous
angular velocity modeled by the vector quaternion —w is the solution
to the quaternionic initial value problem:

a+24=0.  ql)=1 e

Generally, the unique solution of Eq. (21) may not be explicitly
expressed with respect to w. There exists a numerical solution of the
initial value problem (21) when the instantaneous angular velocity @
is an arbitrary continuous vector quaternion function. This is known
as the Peano—Baker solution; it is obtained by iteration [27,30], and it
is presented as a limit of infinitesimal integrals in the general
situation. The initial value problem (21) is equivalent to the integral
quaternionic equation:

aw=i-3 [ wwamar @2)

Equation (22) has the solution

a( = Z Ok / dno(n) / do (1) .

f "ty (1,) 23)

which is known as the Peano-Baker solution [30]. A concise
formulation of Eq. (23) is obtained by using the following procedure
[27]: because the order of multiplication is important [31] and
generally (1)@ (t,) # @ (t,)@(ty), k, p = 1, n, the function

1, t>t, 24)

0(1):{0’ 1<t

is introduced. By considering P(n) the group of permutations of the
set{l, ..., n}, one may define the time-ordered product of the vector

quaternions @ (t,), ..., ®(t,) as
def( 1)
T (). ... () 0 3 []‘[ Ot
o€P(n)
= Lokt1)) l_[ w(to'(p))] (25)
p=1

Now, the solution (23) of the initial value problem (22) becomes
~ X 1 [t t
q@)=1+ Z;/ dr, / dr, Tl (), ....@,)]  (26)
n=1""J1 )

If the vector part of the vector quaternion @ has a fixed direction,
the solution to the initial value problem (21) may be written as

q (1) =exp |:— % /t (1) dr] 27

If the direction of the instantaneous angular velocity is fixed, one may
consider the vector quaternion @ = () as

® (1) = w(Hu (28)

where w = () is a continuous scalar function and u is a vector
quaternion corresponding to the unit vector that gives the orientation
of the instantaneous angular velocity. By denoting

o(1) = / "o(r)dr 29)

and making the computations, the explicit solution to the quater-
nionic form (21) of the Darboux equation arises from Eq. (27):

q() = ( s% —u sin%t)) (30)

In the present approach, the explicit form (30) of the solution to the
quaternionic Darboux Eq. (21) is fundamental. It will allow the
determination of closed-form exact expressions for the vector
quaternions that model the relative position and the relative velocity
in the relative orbital motion problem.

C. Quaternionic Operator

This section presents a useful instrument that is fundamental in
determining the solution to the relative orbital motion problem.
Consider the quaternionic operator F,, defined as
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def

F,=q"(O)q (31)
where q is the solution to the initial value problem:

%q, q(ty) =1 (32)

q=-—
In this approach, the direction of the vector associated to the vector
quaternion @ is assumed to be fixed. The following properties arise
from Eqgs. (31) and (32):
1) F,, is alinear operator; i.e., for any two quaternions a, b and for
any two scalars A ,,

F,(Aa+ Ab) =4 F,a+ 1,F,b (33)

2) F,, preserves the quaternionic product [defined in the last
equation of Eq. (4)]; i.e., for any two quaternions a, b,

F,(ab) = (F,a)(F,b) (34)

3) F,, preserves the quaternionic norm; i.e., for any quaternion a,
[Foal = [al (35)

4) The derivative with respect to time of F,a, where a is an
arbitrary quaternion-valued function of real variable ¢, is

d .1
& (F,a)=F, [a + 3 (wa — aw)] (36)

5) The second derivative with respect to time of F, a, where a is an
arbitrary quaternion-valued function of real variable ¢, is

d? . . 1
d_zz(F“’a) =F, |:a + (wa —aw) + Z(wza +aw’ —2waw)
1 . .
+ 3 (wa — aw)] (37
6) F, is invertible and its inverse, which we denote R_, is
R_,=(F,)"=q0q" (38)

and it models the rotation with the instantaneous angular velocity
modeled by the vector quaternion —@. One may recall that q is
defined by the initial value problem (32).

The above properties of the quaternion operator F, are essential in
solving the relative orbital motion problem in the unperturbed case.

III. Problem Formulation

Consider two spacecraft orbiting the same attraction center. One
will be considered as the reference spacecraft and will be named
chief, and the other will be named deputy. Assume that only the
gravitational attraction force determines the trajectories of both
spacecraft. In this situation, their trajectories may be (independently)
elliptic, parabolic, hyperbolic, or rectilinear. The relative orbital
motion problem is to express the motion of the deputy spacecraft with
respect to a reference frame that is originated in the mass center C of
the chief spacecraft and has the axes oriented as follows: the X axis
has the same orientation as the position vector of the chief with
respect to the attraction center, the Z axis has the same orientation as
the angular momentum h - of the chief orbit, and the Y axis completes
a right-oriented orthogonal frame CXYZ, as shown in Fig. 1. This
frame [25] is usually named LVLH. The input data contains all
informations related to the inertial state (position and velocity) of the
chief spacecraft at any moment of time and the relative position and
the relative velocity of the deputy spacecraft with respect to LVLH at
the initial moment of time.

Chef u,

Fig. 1 Physical model of the relative orbital motion.

The LVLH frame is noninertial. It rotates with instantaneous
angular velocity @, and the inertial acceleration of point C is
1 1)]?
=[N OT, (39)
Pc

Consider the vector quaternion r such as —r models the position of
the attraction center with respect to LVLH.
Then, r- models a rectilinear motion, and its expression is

0
Pc e

- Pc  Tc 4
T+ eccos fe(0) e “0)

rec

Here, e denotes the eccentricity of the Keplerian chief trajectory,
fc = fc(t) denotes the chief true anomaly, and p. represents the
semilatus rectum of the chief trajectory. Here, u, is the vector
quaternion associated to the unit vector that has the same orientation
as the X axis of the LVLH frame.

The vector quaternion rq is the solution to the initial value
problem:

. . . 1
Fc + (0fc — Few) + 2 (@°rc + rew? — 20rco)
1 . . u
— — _— =0
FalOre T el e
{ re(to) =r¢,

. 0 (41)
rC(tO) = (VC : ux)ux
where v2. is the initial velocity of the chief spacecraft with respect to
the inertial reference frame originated in the attraction center.
The vector @ has the same direction as the chief angular
momentum h, and its expression is
1+ eccos fe(1)]?
o < [Lrecsse0], w
Pc

We denote by r the vector quaternion that models the position of the
deputy with respect to the LVLH frame. The initial value problem
that models the relative orbital motion has the quaternionic form

. .. 1 1 . .
I+ (0f — ro) + Z(wzr +re’ —2wre) + E(a)r —r®)

1 1
+———(+re)———=r=0
rtrclP " T P e
r(¢)) = Ar,
{.(0) @3)
r(ty) = Av

In Eq. (43), i > O represents the gravitational parameter of the
attraction center, —r. is the vector quaternion that models the
position of the attraction center with respect to LVLH, Ar and Av
are vector quaternions that model the position and the velocity of the
deputy with respect to LVLH at the initial moment of time 7, > 0.
Equation (43) is a strong nonlinear quaternionic initial value
problem with variable coefficients. We will offer the closed-form
solution to Eq. (43) by using a quaternionic instrument that relates the
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motion in a rotating reference frame to the motion in an inertial
reference frame. The solution is presented in a coordinate-free form,
and it allows us to derive exact scalar expressions for both law of
motion and velocity with respect to any particular coordinate system.
The solution to the initial value problem (43) offers a param-
eterization of the differentiable manifold associated to the relative
orbital motion [13]. This parameterization may be determined in any
initial conditions Ar Av, of the initial value problem (43).

IV. Quaternionic Closed-Form Solution
to the Relative Orbital Motion Problem

In this section we present the closed-form exact solution to
Eq. (43). In the initial value problem (43), we make the change of
variable

r.=F,(r+rc) (44)

and recall that r¢ is the solution to the initial value problem (41).
After some algebra, it follows that

b= P {450 [0+ fo) = 6+ F00] + 0 + 1)

00 = 200+ 1] + 5606+ 1)~ (= ro)al

(45)
and furthermore
. . .. 1
i, =F, {r + [@F — fw] + Z[a)zr +ro’ - 2wre]
1. . . . .
+ E[wr —ro]y + F, {r¢ + [0r¢c — Tew]
L 2 L. :
+ Z[w re + rew” — 20rco] + E[wrc —Tre@d] (46)
By using Eqgs. (41) and (43), we obtain
. W w 3
r,=F, re— (r—{—r)—ir]
[Ilrcll3 e+l el
"
= F,(r+ 1) @7
lIr +rcl? ‘
In the end, from Egs. (35) and (44), we obtain
P+ r =0 48)
[l

The initial conditions for the quaternionic differential Eq. (48) are
deduced by taking into account that F, (zy) = 1:

r.(t) =r2 + Ar (49)

r,(f) = v + Av + %[w (to) Ar — Arw(1,)] (50)

Having in mind Egs. (38) and (44), we deduce
r=R_,r,—r, (51)

The above considerations lead to the main result of this paper. This
is stated thus: the solution to the relative orbital motion problem,
described by the initial value problem (43), is

r=R _Li (52)
1+ eccos fe(o) x|

—ols

where R_,, is defined in Eq. (38) and r, is the solution to the initial
value problem:

.. 2
r.+——r,=0
fIr.]I?

r,(t) =1l + Ar,
{ . (53)
I, (t)) = Ve + AV + [0 (1) At — Are(19)]
and the relative velocity may be computed as
. ~ he|l si 9
v =R,wr*—wR,,,,r*—eC” cll'sin f¢ rg (54)
pc lIrell
where we used the notation
- 1
X zi(wx —X®) (55)

for any quaternion Xx.

This result shows a very interesting property of the relative orbital
motion problem. We have proven that this problem is super-
integrable, by reducing it to the classic Kepler problem. The solution
of the relative orbital motion problem is expressed thus:

r =r(t,ty, Ar, Av); v =vV(t,ty, Ar, Av) (56)

Now, let h be the vector quaternion associated to the specific
angular momentum of the Keplerian motion described by the initial
value problem (53):

h = () + Ar) x [v% + Av + %[w(tO)Ar - Arw(zo)]] (57)

and denote

he h p

3 ﬁzi; r* =
el ([l 1+ ecos f(1)

(58)

Uc=

Note that the quaternion operator R_,, has an explicit expression,
because the direction of the instantaneous angular velocity of the
reference frame remains fixed. We may write

R_,r,
= (cos f%z(l‘) ,—Ucsin f{éz(t)) r, (cos f(éz(l) , U sin f%z(l‘))
(59)
where
S0 = fe(t) = felto) (60)

and u is the constant unit vector quaternion that models the fixed
direction of .

By taking into account the closed-form expression of the
quaternionic operator R_,,, it follows that the general vectorial
expressions for the law of motion and velocity in the relative orbital
motion are

1

1 -
r=——(hc-r)he — ——sin f2(t)(hcr,)
Ihel> ¢ bl
1 - Pc re
———cosfo()(her,) - ——F————— & ©61)
[hell? e 1+ eccos fo (o) rgl
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1 . 1
= W (h¢-r)he — ] smfc(t)(hcr*)

— o L)

_ (w)z%s]‘%m(ﬁcf*)
Pc

1 1 2. ~
gy (G ) o

_ec|lhc| sin fe(r) re
pc el

(62)

The solution (52) to the relative orbital motion problem may still
be refined to another elegant formulation. Since the solution to the
initial value problem (53) models a classic inertial Keplerian motion,
the direction of vector r, rotates with an angular velocity, which also
has a constant direction, that of the vector quaternion r, (¢,) X 1, (¢),
so the vector quaternion r, may be expressed as

p rd + Ar
1+ ecos f(1) " *|r% + Ar||

(63)

. =

where p is the semilatus rectum, e is the eccentricity, and f(¢) is the
true anomaly, all associated to the Keplerian motion described by
Eq. (53). The quaternion operator R, has the exact expression

R, = (cosfoz(z) ,us f"(z))()( f°2(t) ,—u sinfoz(t))

(64)

where u is defined in (58) and
PO = f(1) = f(t0) (65)

So we may now offer another closed form of the solution to the
relative orbital motion problem, stated thus: the solution to the initial
value problem (43) is

p e + Ar P rf.

T 14ecosf(r) TS+ Ar| 1+ eccosfo(r) ||rC||

(66)

where R, is defined as

R.=R_,R, (67)

and the relative velocity may be computed as

_ e|/h|| sin £(2) R rl + Ar
p " lre + Arl

p - re + Ar
+ (O * 0
1 4 ecos f(t) e + Ar||
_ecllhc| sin fe re
pc 2

(68)

where w, is the vector quaternion that models the instantaneous
angular velocity associated to the rotation described by R,; its
expression is

w,=-w+ (69)

[lr. 12

From Egs. (66) and (68), we obtain another expression of the
vectorial closed-form solution to the relative orbital motion problem:

_ p
T 14 ecosf(r)

+ (1 = cos fO())aZ — sin 2l — sin f2(2) sin ()0l
—sin f2(1)(1 — cos fO(r))aca?
+ (1 = cos f2(2)) sin f2(Huta

+ (1 —cos f2(1)(1 — cos (1)) a2a]

[I5 + sin fO(5)a + (1 — cos fO(z)) >

rl + Ar
e + Ar|

0
Pc Tc

___rc @ _C_ 70
1+ eccos fe(t) ||Ir| 7

_ elinllsinf() j“f(t) [1; + sin f2(1)@ + (1 — cos £2(1)) a2

+ (1 —cos f2(#))uZ — sin f202 — sin f(7) sin fO(r)uZu?
—sin f2()(1 — cos fO(r))aZa> + (1 — cos f2(r)) sin fO(r)aza

o TR+ A
+ (1 = cos £2(0)(1 — cos (1) i2?] ”‘});7;”
+r, [ricosf"(t)h +— [h ” sin fO(r)a’ + ” 2” sin fO(r)ag
— o os fLORE - (” I (1) cos £°(1)

+

”hC” cos (1) smfo(t))ucu
e

- rizcosfoc(t)(l — cos fO(£))h -2
¢

[
+75

*

sin f2.(¢) sin fO(H)acu? + HI:ZC” sin f2.(¢) sin () azu
c

- lz (1 — cos f2(1)) cos fO(r)izh
|| c||

sin f2(£)(1 — cos fO(r))uza?

||h|| r2 + Ar

Irg: + Ar|

1 — cos f3(1)) sin f*(naza 2]

_ €C||hc|| sin fc (1) ¢

()
Pc el

Here, we present another formulation of the solution to the relative
orbital motion. Let U, k =0,3, U, = U ()x; «), be the universal
functions defined in [25], pp. 175-179, with

_ 2 B ||v%+Av—|—w(t0)><Ar||2:
e + Ar| I

—néE  (72)

and y a Sundman-like independent universal variable that satisfies

1
—=—r, (73)
dx Jm

Then, the solution to the initial value problem (57) may be expressed
as [25]
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1
r,=U+ |——"
{° [||r%+Ar||

0 2
D v e x Ty ) g o
rl + Ar rl + Ar) - (V2 + Av + o(t)) x Ar
o I 6 o)+ b o) x )
VI iz
x (V¥ + Av + w(1y) x Ar) (74)

and the magnitude of the solution is [25]

(2 + Ar) - (V2 + Av + w(#) X Ar) U
7 1
+ U, (75)

r, = “I’% + AI’”UO +

The velocity of the motion governed by Eq. (53) is

. JA, e+ Ar  JE[ |+ Ar
r,=— 1074— Uoi
r* ||I'C+AI‘|| r* \/,l_[
(2 + Ar) - (V2 + Av + w(#)) X Ar)
T+ U,
m
x (V8 + Av + w(1y) x Ar) (76)

Then, the solution to the initial value problem (43) may be written as

1
r=R_,{{Uy+ |-
{{ 0 [||r°c+Ar||

0 A A 2
b vt <Ay g
m
) [Ul I+ Arl | (2 + AR (4 + AV + 0 (1) X Ar>]
VI 2z
Pc e
14 eccos fe(r) [Ird]]

X (V. + AV + w(1y) x Ar)} - a7)

v:R,m{_W

VR re A R It + Ar|
R TN

Vi

LU, (rd + Ar) - (V2 + Av + w(1) x Ar)]

o

1
x (V2 + Av+w(ty) x Ar); —@R_,{3Uy + | ——
e wxanf-are {{on+ [ o

2+ A to) X Ar|?
_ive + V+:(0)X ll ]U2}(r%+Ar)
+ [Ul Ire + Arf +U, (r%+Ar)-(V%+AV+w(to)xAr)]
N ®
_ecl|lhe| sin fe e

pc (el

x (V& 4+ AV + (1)) x Ar)} (78)

The universal functions U, are linked by a Kepler-like equation
[25]:

VRt —19) = [[re + Ar|| U, (x: )
. (% + Ar) - (v + Av + w(1y) X Ar)

VI

Ur(x; ) + Us(x; @)
(79)

Equations (77) and (78) offer the closed-form compact solution to the
relative orbital motion problem. They hold for any chief or deputy
trajectories.

V. Comprehensive Analysis of the Relative
Orbital Motion

By using the results presented in the previous sections of this
paper, we are about to offer the closed-form solution to the relative
orbital motion in all possible particular cases. In this approach, the
chief inertial trajectory is less important than the deputy inertial
trajectory, and the study will focus on the nature of the latter. We must
make here the remark that in fact the initial value problem (53)
models the motion of the deputy spacecraft in the inertial frame. This
equation is deduced by knowing only the chief motion and the initial
conditions of the deputy in the LVLH frame. From this point, when
referring to the deputy inertial motion, we refer in fact to the motion
governed by the initial value problem (53).

We offer the closed-form solution to the nonlinear model of the
relative orbital motion in the situation where the inertial deputy
trajectory is an ellipse, a parabola, or a hyperbola. These situations
are delimited by the sign of the generalized specific energy of the
deputy spacecraft [17,32,33]. It was proven that in the conditions that
are given above, the sign of the quantity

I

a0

1
E= IV + AV + 0 (1) x Ar]|?

gives the type of the Keplerian inertial trajectory of the deputy
spacecraft, i.e., if £ <0 the inertial trajectory of the deputy is an
ellipse, if £ =0 it is a parabola, and if &> 0 it is a hyperbola.
An accurate observer would remark that the previous phrase is
mathematically correct only if the angular momentum h of the
deputy inertial orbit is nonzero, h # 0. Only this situation will be
taken into consideration in this approach.

All computations will start from the solution presented in Egs. (61)
and (62).

A. Elliptic Inertial Deputy Trajectory (¢ <0, h # 0)

The inertial trajectory of the deputy spacecraft is an ellipse (or a
circle). The motion on this orbit is modeled by the position vectorr,,
which is the solution to the initial value problem (53). The
expressions for the quaternion vectors r, and r,, are [34]

r, = afcos E(f) — e] + bsin E(t) 81

. n
r,——— [—asin E(¢t) + bcos E(t 82

l—ecosE(t)[ () + (0] (82)
where e represents the vector quaternion corresponding to the
vectorial eccentricity of the Keplerian motion described by Eq. (53);
its expression is

rl + Ar

_— 8
ot a5

1
e =;(V%+Av+w(t0)xAr)><h—

if e = 0, the inertial trajectory of the deputy spacecraft is circular; h is
defined in Eq. (57); n is the mean motion of the motion described by
Eq. (53); a and b represent the vectors that model the semimajor and
semiminor axis of the deputy inertial trajectory respectively; their
expressions are

n:(2|§)5. a:{%‘é‘e, e£0
o rl +Ar, e=0’
l_(h xe), e#0, @)
b= /28
{:.(V%'f' AV + w(t)) X Ar), e=0

E(r) represents the deputy spacecraft eccentric anomaly; it is the
solution to the Kepler equation:
E(t) — esin E(t) = n(t —tp), t € [ty, +00) (85)

where 7p denotes the time of periapsis passage of the deputy
spacecraft and it is computed from the algorithm [34]:
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(86)

1 09+ A
cos E(fy) = — (1 _ M)
e

2/¢]

sinE(ty) =n

Av- (r + Ar)|: RO

0
- w2+ ol | @

1
tp=1— ;[E(fo) — esin E(ty)] (88)

Based on Egs. (61), (62), (81), and (82), the relative law of motion
and the relative velocity are modeled by

r = [cos E(1) — ]{||h jhe smf%(t)

||h ||

sin f¢

e i) s {1 Ehe

hb } _ Pc e
Ihell?) 1+ eccos fe(®) [Irell

||h ||

— cos f2(2) (39)

_ —nsinE(r) {hc a
1—ecos E(7) | |he|? € ||h ||
ncos E(t) {hc~b

—ecosE(r) ||[hc|?
sin 20 e cos 200 ||hc||2}
[1 + eccos fo(t)Plcos E(t) — €]

Pc
.0 _ N
y {slnfc(t) hZCa _ cosfoc(f)hca}
[hcll

[1 +ec cosfc(t)] sin E(2) (sin f2(2) -,
PC { [hell

ecllhcl sinfe(t) g

pPc el

—cos fe(0) ||hc||2}

hlb

—cos fg(r)ﬁcb} - (90)

If the deputy trajectory is circular (e = 0), Egs. (84) are taken into
account, together with

[l

= [rd + Ar|; E(t)=r5——7
)4 ||l‘c+ l‘”, () ||I‘%+Ar||2

(t = t9) (C29)]

Equations (89) and (90) modify according to Egs. (91).

If the reference trajectory is circular, the closed-form quaternionic
Eqgs. (89) and (90) change according to the following expressions
[16,32]:

ec=0; Je@) = ne(t = 1) 92)
It follows that in the situation when the chief spacecraft has an inertial
circular trajectory, Egs. (89) and (90) transform into

— sin[nc(t — lo)]

r =[cos E(t) — e]{

||h 2" ||h ||

c'b

h
el

— cos[nc(t — ty)] ||h ”2} + smE(t){

. hZb N
— sin[nc(r — fo)] ||h ” — cos[nc(t — lo)]m —re (93)

—nsinE(t) (he-a . ﬁca
= h - -
1 —ecosEQD) {||hc||2 ¢ ~sinfne(t = f)l o
hZa ncosE(t) (h¢-b
_ _ h
cos[ne(r = to)] ||h ||2} 1—ecosE(r) {||hc||2 ¢
. h¢b
—sin[ne(t — to)] ||h ” —cos[ng(t— to)]m}
s E(f) — - P
cosE(r) — e { sinfnc(1 — to)Jh%a — cos[ne(t — zo)]hca}
[Irell [hell
in E(t - -
. (2) { sin[ne(t — t5)Jh2b — cosn(t — ro)]hcb}(94)
[rell® Ulhell

The solution offered by Egs. (89) and (90) offer an alternative to
the Lawden solution [2] to the linearized model of the relative orbital
motion. Equations (93) and (94) offer an alternative to the solution to
the linearized model of the relative orbital motion offered by
Clohessy and Wiltshire [1].

In the end of this subsection, we will present the closed-form exact
expressions for the relative law of motion and velocity with respect to
the eccentric anomalies in the situation when both chief and deputy
are satellites (the ellipse—ellipse situation). From the Kepler
equations written for both chief and deputy inertial motions

Ec—ecsinEq = ne(t—15) 95)

E—esinE =n(t—tp) (96)

one may derive the implicit equation that links these anomalies by
eliminating the time ¢ from Eqgs. (95) and (96):

E—esinE

Ec—ecsinE
#4-@9:?4-1‘1: ©7)

nc
As the motion of the chief satellite is known, so is function E.. The

eccentric anomaly of the deputy satellite is then obtained by solving
the implicit functional equation:

E—esinE="" (Ec —ecsinEg) +ne(tS —tp)  (98)
nc

By taking into account the relations between the true anomaly and
the eccentric anomaly of a Keplerian elliptic orbit

cos f = 2Lt

SiIlf — 1—¢?sin E

l—ecosE
Equations (89) and (90) transform into

hq-a
r=|[cosE — e]{whc

/1 2 S Sin(EY + E¢) — ec(sin E¢ + sin EX) hca
€ (1—eccosEc)(1 —eccosEL)  |hell

(cos Ec — ec)(cos E% — ec) — (1 — e2) sin Ec sin E% hza }

(1 —eccos Ec)(1 — eccos E2) Ihell?
+§1nE{h b
el e

B \/ﬁsm(E + E¢) — ec(sin E¢ + sin E2) hcb
€ (1—eccosEc)(1—eccosEY) |hell

_ (cosEc —ec)(cos Eg — ec) — (1 — e¢) sin E¢ sin E¢ hZb
(1 —eccos Ec)(1 — eccos E2) |lhel?

pc(l —eccosEe) 1y
1—et lIroll

(100)
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_ —nsinE [h¢-a
T 1—ecosE ||[he|? €

[ S SIn(EY + Ec) — ec(sinEc + sin EY) hqa
€ (1—eccosEc)(1—eccosEL)  |lhe|l

(cosEc —ec)(cos E% — ec) — (1 — e2) sin Ecsin ES hia }

(1—eccosEc)(1—eccosEL) Ihell?
ncosE (he-b
1—ecosE |||hel? €

iz 22 sin(E% 4 Ec) — ec(sin E¢ + sinE2) heb
€ (1—eccosEc)(l— eccosE2)  |lhe|

B (cosEc — ec)(cos EQ — ec) — (1 — e%) sin E sin E2 hZb
(1—eccosE¢c)(1 —eccosEL) Ihell?
(1 —ec)*(cosE —e)
(1 —eccos Ec)* pe
" F51n(EO 0.+ E¢) — ec(sinEc +sin E2) hg a
e
€ (1—eccosEc)(1—eccosEY)  |lhe|
_ (cosEc —ec)(cos E%—ec)— (1—eZ)sinEcsin EY ia
(1—eccosEc)(1 — eccosEL) ¢

(1 —ep)*sinE
(1—eccos Ec)’pt
X{\/ﬁsm(EO 0.+ E¢) — ec(sinEc +sin E2) hg b
€ (I1—eccosEc)(1—eccosEL)  |[he|
_ (cosEc —ec)(cos E2 —ec)— (1 —ek)sinEcsin EY. - i b}
(1—eccosE¢c)(1 — eccosEL) ¢

_ecl|hell(1— el)sinEq ry

(1—eccosEc)pc  |Iroll

where E% = E¢(t).
An expression similar to Eq. (100) was obtained by Ketema in
[L1].

B. Parabolic Inertial Deputy Trajectory (¢ =0, h # 0)

If the specific energy associated to the deputy inertial motion
defined in Eq. (80) is zero, then this motion is parabolic (if its specific
angular momentum is nonzero). The solution to the initial value
problem (53) is [34]

1
<=5 —pur@)e+@n)(hxe) (102)
and the expression of the vector quaternion F, is

[—unt(t)e + h x e] (103)

r,=

p+unti (o)
where p represents the deputy inertial orbit semilatus rectum:

[h?
I

p= (104)

and the map t(7) is the solution to the Kepler-like equation (also
called Barker’s equation [25]):

t—tngf+—r3 (105)

RS

Equation (105) has the solution:

(1) =

! [3 3(tp — 1) + /9t —1)24—117—3
Vi P P i
3 3
+ 3(zP—t)—,/9(zP—t)2+%] (106)

where the moment of time of the periapsis passage of the deputy
spacecraft f, may be computed in two steps [34]:

(% + Ar) Av

(1) = [ = lIre + Arll(@() -h)]  (107)

1
tp=1y— 5 [Pf(fo) + %13([0)] (108)

Based on Egs. (61), (62), (102), and (103), the relative law of
motion and the relative velocity are modeled by

e-h. sin f2.(¢) ~
h, — h
Ihel? ™ hell €

cosf%(t) } {(h, e, ho) smf%(t)
B A BT P R T

_cosfe(t) = } pc re
hlhey ———— ¢ ¢ (109)
il e I+ eccos fe(o) [rel

() = 5 (- /«sz(t)){

Che

—2ut(t) (e-hg sin f2.(1) ~
= h- — h e
V() p+/u2(r>{||hc||2 € el Mt
Cosfc(t)hz }_ 2 {(h,e,hc)h
Ihel? ) T p 2@\ he? €
sin f2() - L+ cos fe(h) &> }
h h
T el TTheP €
| [+ eceos fe(®Plp = (1) {Smfc(t) -
2% el €
[1 + ec cos fe(DF(1) {sm £200) -
P2 Thel
ec|lhe| sin fe () r%
e 2]

hcohe +

—cosfg(t)flce} + hZhe

—cosf%(t)flcﬁe} - (110)

C. Hyperbolic Inertial Deputy Trajectory (¢ > 0, h # 0)

If the specific energy associated to the deputy inertial motion
defined in Eq. (80) is strictly positive, then the trajectory is hyper-
bolic (if the specific angular momentum is nonzero). The solution to
the initial value problem (53) is [34]

r, = afe — cosh E(¢)] + b sinh E(¢) (111)

and the expression of the vector quaternion r, is

. n .
r,=———————[—sinhE(¢)a sh E(t)b 112

= oo B TS E(a + cosh E@b] - (112)
where a and b represent the vectorial semimajor and semiminor axis
of the hyperbolic deputy trajectory, respectively; their expressions
are

a:L‘ b=

265& e\/>

while n has the expression

(h x e) (113)
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_ &
n

(114)

E(r) represents the eccentric anomaly of the deputy inertial
trajectory; it is the solution to the Kepler-like equation:

E(t) — esinh E(f) = n(t — tp), t € [ty, +00) (115)

where 7p represents the moment of time corresponding to the
periapsis passage of the deputy spacecraft; it may be computed by
using the algorithm [34]:

n[Av - (rd + Ar)] w(ty) -h
et [1 - I + Arn]}

E(ty) = sinh™! {

(116)
1 .
tp = t()_*[E(lo) _eslnhE(t())] (117)
n
where sinh™! represents the inverse of the bijective function sinh:
sinh 71(x) = lu(x + VX2 + 1) (118)
Based on Egs. (61), (62), (116), and (117), the relative law of

motion and the relative velocity are modeled by the vector
quaternions:

hca
el

r(t) = [e — cosh E(t)]{ — sin f2()

||hc||2

— cos f2(1) — sin fc(t)

+sth(t){
[he ||2} [he ||2
cb } Pc To

Hh ||

— cos f2(1) 119)

Ihel?f 1+ eccos fe(o) [Ixll

v(t) =

—nsinh E(f) [(he- a
2he —sinfe
ecoshE(t) — 1 |||h¢|| ||h ||

ncoshE(t) [he-b
~cos fe(0) ||hc||2} ccosh E(1) — 1 {||hc||2

i 51200 ||hc||2}
n [1 4+ eccos fe()][e — cosh E(7)]

Pe
0
X {% hZa — cosfoc(t)flca}
[1 + eccos fe(H)] sinh E(r) (sin f2(2) =,
pe { [hell
ecllhel sin fe(r) o
Pc [Ioll

hc

— sin f2

hZb

- cosfg(z)ﬁcb} - (120)

VI. Conclusions

The quaternionic approach used in this paper allows us to obtain
closed-form exact expressions for the relative law of motion and the
relative velocity. This instrument is only a catalyst, and it helps
introduce a change of variable which transforms the relative orbital
motion problem into the classic Kepler problem.

The shape of the chief inertial trajectory does not impose special
problems, as it does in the linearized approaches. The deputy
trajectory does not impose problems either, allowing us to derive
exact equations of relative motion in any situation and for any initial
conditions. The equations that describe the state of the deputy
spacecraft in LVLH depend only on time and the initial conditions.

The long-term accuracy offered by this solution allows the study
of the relative motion for indefinite time intervals, and with no
restrictions on the magnitude of the relative distance. The solution
may be used in the study of satellite constellations from the point of
view of the relative motion.

The solution offered in this paper gives a parameterization of the
manifold associated to the relative motion. Perturbation techniques
may be now used in order to derive more accurate equations of
motion when assuming small perturbations on the relative trajectory,
due to Earth oblateness, solar wind, moon attraction, and
atmospheric drag. Based on this solution, a study of the full-body
relative motion might be a subject for future papers.

Appendix

We present here the scalar Cartesian expressions for the relative
position and relative velocity as they are deduced from the
quaternionic expressions presented in the paper. By denoting r =
[x y z] therelative position vector, below we present the closed-
form expressions for x, y, z, X, y, z. We denote u,, u,, u, the unit
vectors that define the axes of the LVLH frame; their expressions are

0 h 0
ré _ herg _ h¢

—5T U, = =0} u, =
(L Y dhelllire] el

(AD

=

I. Situation £ < 0, h # 0: Elliptic Deputy Inertial Trajectory

x(t) =[cos E(t) — el{(u, - a) cos fo(¢) + (u, - a) sin f2.(1)}

+ sin E(7){(u, - b) cos f2(r) + (u, - b) sin f2(r)}
Pc

1+ eccos fe(1) (A2)

y(t) = [cos E(1) — el{—(u, - a) sin f¢(t) + (u, - a) cos f(1)}
+ sin E(){—(u, - b) sin f2(r) + (u, - b) cos f2(1)} (A3)

z(t) = [cos E(t) — e](u, - a) + sin E(¢)(u, - b) (A4)

nsin E(t)
1 —ecosE(r)

E
%{(w -b) cos f2(t) + (u, - b sin f2(1)}

1+ eccos fe(D)P[cos E(1) — e]
[l

+ (u, - a)cos f2(1)} —

x(n) = {(u,-a)cos fo(r) + (u, - a)sin (1)}

{=(u, - a)sin f(1)

W[l + eccos fo(H) sin E(f)
[hell

{—(u, - b)sin f2(r) + (u, - b) cos f2()} —

eclihlsin fe(t)

Pc (AS)
0 = o (- sin 20 — (u, ) cos 7200}
- %{—(UX - b) sin f2(2) + (u, - b) cos f2(1)}

_ IIhcll[1 + eccos fe(t)F[cos E(7) — e]

Pc
+ (- a)cos f () — el ec c‘;sf (P sin D)
c

x{(u, - b)sin f¢.(1) + (u, - b) cos f¢.(1)} (A6)

{(u, - a)sin f2()
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n

Z(Z) = m[— sin E‘(l)(l.lZ . a) + cos E(t)(llz . b)]

(AT)

When the deputy trajectory is also an ellipse and one expresses the
equations of the relative motion with respect to both eccentric
anomalies, Eqs. (A2—A7) above transform into
x(t) =[cosE(t) — ]
o (cosEc—ec)(cosEL —ec) — (1 —e2) smECsmEC( 2)
(1—eccosEc)(1 —eccosEL) s
_ /] —e sin(E2 + E¢) — ec(sinE¢ + sin E2) (u,-a)
(1—eccosEc)(1—epcosEL) ’
(coSEq—ec)(cosEL —ec) — (1 —e2) sin E¢sin EX
(1—eccosEc)(1—eccosEL)

X(ux_b)_\/791n(E0 %4+ Ec) —ec(sinEg + sin E2 )( y~b)}

(1—eccosEc)(1—eccosEY)

+sinE(z){

pc(l—eccosEp)

(A8)
1—eé2

y(t) = —[cos E(t) — e]{(uX -a)sin f2.(¢)

(cosEc — ec)(cos EL — e¢) — (1 — e2) sinE¢ smEC( a)}
(1—eccosEc)(1 —eccosEL) %
—sinE(t){ / —e S SIN(EY + Ec) — ec(sin E¢ + sin EX )( u.-b)
(1 —eccosEc)(1 —eqcos EL)
(cosEc — ec)(cos EX — ec) — (1 — e2) sin E¢ sin EC( b)}
(1—eccosEc)(1 —eccos E2) W

(A9)
z(t) = [cos E(t) — e](u, - a) + sin E(¢)(u, - b) (A10)
... nsinE()
o) = 1 —ecosE(r)
" {(COSEC —ec)(cosES —ep) — (1 — ) sinE¢ smEC( )
(1 —eccosEp)(1 —eccosEL) e
B Fsm(EO + E¢) — ec(sin E¢ + sin E2)
¢c (1 —eccosEc)(1 —eccos EY) (u,-a)
ncos E(t)
1 —ecosE(r)
(cos Ec — ec)(cos E% — ec) — (1 — €2) sin E sin E2
x { (1—eccosEc)(1 —eccosEY) (u.-b)

/ 5 SIn(ER + Ec) — ec(sin E¢ + sin EY)
— 1— ec ( y . b)
(1 —eccosEc)(1 —eqcosEL)
B W[l + eccos fo(t)P[cos E(t) — e]
el
sin(E% + E¢) — ec(sin E¢ + sin E2)
V1 —é? .
X{ ¢c (1 —eccosEc)(1 —eccosEY) (u-a)
(cosEc — ec)(cos EY. — e¢) — (1 — e2) sin E¢ sin EX (u, - a)
(1—eccosEc)(1 —eccosEL) W

B Ul + eccos fe ()] sin E(1)
[hel

A 2 sin(E2 + E¢) — ec(sin E¢ + sin E2) (u, - b)
(1—eccosEc)(1 —eccosEL)

(cos Ec — ec)(cos E% — ec) — (1 — €2) sin E sin E2 (u, - b)
(1—eccosEc)(1 —eccos EL) Y
_ ecllhc||(1— ez)sin Ec
(1—eccosEc)pc

(Al1)

o nsin E(t)
0= 1 —ecosE(r)
Ao ecsm(EO %+ E¢) —ec(sinE¢ + sin EX )( ", -a)
(1 —eccosEp)(1 —eqcosEL)
_ (cos E¢c — ec)(cos E% —ec)— (1 —e2)sinE¢sin Ec( a)
(1—eccosEc)(1 —eqcosEL) W

__ncos E(1)
1—ecosE()

/ sin(E% + E¢) — ec(sin E¢ + sin E2)
1 — 2 C b
x { ¢c (1—eccosEc)(1 —eccosEY) (u.-b)
_ (cosEc — ec)(cosEX —ec) — (1 — e2) sin E¢ sin EX (u, - b)
(1—eccosEc)(1 —eqcosEL) U
n el + eccos fe(t)F[cos E(r) — €]
Pc
8 /1 2 S Sin(EY + E¢) — ec(sin E¢ + sin ER) (u, - a)
(1—eccosEc)(1 —eccosEY) :
N (cos Ec — ec)(cos E% — ec) — (1 — €2) sin E¢ sin E2 (u, - a)
(1—eccosEc)(1 —eccos EY) *
_lIhell[T + eccos fe (1)) sin E(z)
Pc
N MSin(EO + Ec) — ec(sin E¢ + sin E2) (u.-b)
(1—eccosEc)(1 —eccosE) ’
N (cosEc — ec)(cos EL — ec) — (1 — €2) sin E¢ sin E2 ¢ (. - b)
(1 —eccosEc)(1 —eqcosEL)

(A12)

n

Z(l) = m[— sin E‘(t)(llZ . a) ~+ cos E(t)(uz . b)]

(A13)

II. Situation & = 0, h # 0: Parabolic Deputy Inertial Trajectory

x(1)  =3lp — ur?(ON(u, - €) cos fo(1) + (u, - €) sin f2.(1)}

+ (0){(h, e, u,)cos fo(1) + (h, e, uy)sin f2(1)}
Pc

1+ eccos fe(t) (Al4)

¥ = —%[p — ur*(OK(u, - €) sin fo.(r) — (u, - ) cos fe(1)}

+ t(0){(h, e, u,) cos f2(1) — (h,e,u,)sin f2(1)} (A15)
() = [P ur(](u, - e) + w(r)(h, e, u,) (Al6)
(1) = —%{(ux - €)cos f2(1) + (u, - €) sin f2(1)}
2

+ m{(h, e, u ) cos f2(1) + (h, e u)sin f2(1)}

_ Il + eccos fe(OF[p — pe(1)]
2pc
— (u, - e)cos ()} — el E ecpcosfc(r)]zr(z)
C

x {(h, e, u,)sinf2(r) — (h, e, u,)cos f2(1)}
_ecllhe| sin fe(7)
Pc

{(u, - e)sin f2(1)

(A17)
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2wt

p + ut (1)

" ﬁ{“" e.u,)cos (1) — (u, - €) sin /(1)

Ihellll + ec cos fe(OPIp — pr(1)]
2pc

¥ = {(u, - e)sin f2(1) — (u, - €) cos f2(1)}

,

{(u, -e)sin f2(r)

[hcll[1 4 eccos fe(n)z(2)
Pc
x {(h,e,u,)sin f2(t) + (h, e, u,) cos f2(1)} (A18)

+ (u, - e)cos f2(0)} +

2(1) [-ut(D(u,-e) + (h, e u,)] (A19)

2
TP+ uT()

III. Situation &£ > 0, h # 0: Hyperbolic Deputy Inertial Trajectory

x(1) = [e — cosh E(D)]{(u, - a) cos f2(r) + (u, - a) sin f2(1)}
+ sinh E(t){(u, - b) cos f(¢) + (u, - b) sin f2(1)}

Pc

1+ eccos fe(t) (A20)

y(t) = —[e — cosh E(1)]{(u, - a) sin f¢.(1) — (u, - a) cos fe.(1)}
— sinh E(1){(u, - b) sin f2(¢) — (u, - b) cos f2(1)} (A21)

z2(t) =[e — cosh E(1)](u, - a) + sinh E(7)(u, - b) (A22)

n sinh E(¢)
ecoshE(r) — 1

%{(m -b) cos f(1) + (u, - b) sin f2(1)}

_IIhc|l[1 + eccos fe(O)FF[e — cosh E(1)]
Pc

— (u, - a)cos fe(0)} —

x(1) = {(u, - a)cos f2(1) — (u, - a) sin fo.(1)}

{(u, - a)sin fo(1)

[hcll[1 4 ec cos fe(n)] sinh E(r)
Pc

x {(u, - b)sin f2(1) — (u, - b) cos f2(1)} —

eclhc| sinfc(?)

Pc
(A23)
0) = = ) in £200) + () cos 720
ncosh E(r)

T ecosE(D) —1 {(u, - b)sin f2.(1) + (u, - b) cos fE(1)}

_lIhc|l[1 + eccos fe()F[e — cosh E(1)]
Pc

+ (u, - a)cos fo(n)} —

{(u, - a)sin fo(7)

[hell[1 + eccos fc(n)] sinh E(7)
Pc
x {(w, - b) sin f2(r) + (u, - b) cos f2()} (A24)

n

A0 = oosh B = 1]

[~ sinh E(f)(u, - a) + cosh E(¢)(u, - b)]
(A25)

Note that in all cases, the out-of-plane component of the relative
motion is completely decoupled from the in-plane component, in the
sense that it does not depend on the chief true anomaly.

References

[1] Clohessy, W. H., and Wiltshire, R. S., “Terminal Guidance System for
Satellite Rendezvous,” Journal of the Aerospace Sciences, Vol. 27,
No. 9, 1960, pp. 653-658.

Lawden, D. F, “Optimal Trajectories for Space Navigation,”

Butterworth, London, 1963, pp. 79-86.

Tschauner, J., and Hempel, P., “Optimale Beschleunigeungsprog-

ramme fiir das Rendezvous-Manouever,” Acta Astronautica, Vol. 10,

1964, pp. 296-307.

Tschauner, J., “The Elliptic Orbit Rendezvous,” AIAA 4th Aerospace

Sciences Meeting, AIAA Paper 66-537, Los Angeles, 27-29 June 1966

[5] Carter, T. E., “New Form for the Optimal Rendezvous Equations Near

Keplerian Orbit,” Journal of Guidance, Control, and Dynamics,

Vol. 13, No. 1, 1990, pp. 183-186.

doi:10.2514/3.20533

Yamanaka, K., and Andersen, F., “New State Transition Matrix for

Relative Motion on an Arbitrary Elliptical Orbit,” Journal of Guidance,

Control, and Dynamics, Vol. 25, No. 1, 2002, pp. 60-66.

doi:10.2514/2.4875

Alfriend. K. T., Vadali, S. R., Gurfil, P, How, J. P, and Breger, L. S.,

Spacecraft Formation Flying: Dynamics, Control, and Navigation,

Elsevier, Oxford, 2009, Chap. 4, pp. 59-78.

[8] Gim, D.-W., and Alfriend, K. T., “State Transition Matrix of Relative

Motion for the Perturbed Noncircular Reference Orbit,” Journal of

Guidance, Control, and Dynamics, Vol. 26, No. 6, 2003, pp. 956-971.

doi:10.2514/2.6924

Gurfil, P., and Kasdin, N. J., “Nonlinear Modeling of Spacecraft

Relative Motion in the Configuration Space,” Journal of Guidance,

Control, and Dynamics, Vol. 27, No. 1, 2004, pp. 154-157.

doi:10.2514/1.9343

[10] Balaji, S. K., and Tatnall, A., “Precise Modeling of Relative Motion for
Formation Flying Spacecraft,” 54th International Astronautical
Congress of the International Astronautical Federation, the Interna-
tional Academy of Astronautics, and the International Institute of Space
Law, Bremen, 29 Sep.—3 Oct. 2003.

[11] Ketema, Y., “An Analytical Solution for Relative Motion with an
Elliptic Reference Orbit,” Journal of Astronautical Sciences, Vol. 53,
No. 4, 2006, pp. 373-389.

[12] Lee, D., Cochran, J. E., and Jo, J. H., “Solutions to the Variational
Equations for Relative Motion of Satellites,” Journal of Guidance,
Control, and Dynamics, Vol. 30, No. 3, 2007, pp. 671-678.
doi:10.2514/1.24373

[13] Gurfil, P., and Kholshevnikov, K. V., “Manifolds and Metrics in the
Relative Spacecraft Motion Problem,” Journal of Guidance, Control,
and Dynamics, Vol. 29, No. 4, July—Aug. 2006, pp. 1004-1010.
doi:10.2514/1.15531

[14] Gronchi, G. F., “An Algebraic Method to Compute the Critical Points
of the Distance Function Between Two Keplerian Orbits,” Celestial
Mechanics and Dynamical Astronomy, Vol. 93, No. 1, 2005,
pp. 295-329.
doi:10.1007/s10569-005-1623-5

[15] Gronchi, G. E,, “On the Uncertainty of the Minimal Distance Between
Two Confocal Keplerian Orbits,” Discrete and Continuous Dynamical
Systems Series B, Vol. 7, No. 4, 2007, pp. 755-778.

[16] Condurache, D., and Martinusi, V., “Kepler’s Problem in Rotating
Reference Frames. Part 1: Prime Integrals. Vectorial Regularization,”
Journal of Guidance, Control, and Dynamics, Vol. 30, No. 1, 2007,
pp- 192-200.
doi:10.2514/1.20466

[17] Condurache, D., and Martinusi, V., “Kepler’s Problem in Rotating
Reference Frames. Part 2: Relative Orbital Motion,” Journal of
Guidance, Control, and Dynamics, Vol. 30, No. 1, 2007, pp. 201-213.
doi:10.2514/1.20470

[18] Condurache, D., “New Symbolic Methods in the Study of Dynamic
Systems,” (in Romanian), Ph.D. Thesis, Gheorghe Asachi Technical
Univ., lasi, Romania, 1995.

[19] Condurache, D., and Martinusi, V., “Relative Spacecraft Motion in a
Central Force Field,” Journal of Guidance, Control, and Dynamics,
Vol. 30, No. 3, 2007, pp. 873-876.
doi:10.2514/1.26361

[20] Condurache, D., and Martinusi, V., “Foucault Pendulum-Like
Problems: A Tensorial Approach,” International Journal of Nonlinear
Mechanics, Vol. 43, No. 8, 2008, pp. 743-760.
doi:10.1016/j.ijnonlinmec.2008.03.009.

[21] Condurache, D., and Martinusi, V., “Exact Solution to the Relative
Orbital Motion in a Central Force Field,” The 2nd International
Symposium on Systems and Control in Aeronautics and Astronautics,
Shenzhen, China, 10-12 Dec. 2008.

[2

—

[3

[t}

[4

[6

=

[7

—

9

—



http://dx.doi.org/10.2514/3.20533
http://dx.doi.org/10.2514/2.4875
http://dx.doi.org/10.2514/2.6924
http://dx.doi.org/10.2514/1.9343
http://dx.doi.org/10.2514/1.24373
http://dx.doi.org/10.2514/1.15531
http://dx.doi.org/10.1007/s10569-005-1623-5
http://dx.doi.org/10.2514/1.20466
http://dx.doi.org/10.2514/1.20470
http://dx.doi.org/10.2514/1.26361
http://dx.doi.org/10.1016/j.ijnonlinmec.2008.03.009

CONDURACHE AND MARTINUSI 1047

[22] Condurache, D., and Martinusi, V., “A Novel Hypercomplex Solution
to Kepler’s Problem,” PADEU, Vol. 19, Astronomy Department of the
Eotvos University, Budapest, 2007, pp. 65-80.

[23] Condurache, D., and Martinusi, V., “Hypercomplex Eccentric Anomaly
in the Unified Solution to the Relative Orbital Motion,” AAS/AIAA
Astrodynamics Specialist Conference, AAS Paper 09-321 Pittsburgh,
PA, 9-13 Aug. 2009.

[24] Hamilton, W. R., “On Quaternions; or on a New System of Imaginaries
in Algebra,” The London, Edinburgh and Dublin Philosophical
Magazine and Journal of Science, Series 3, Vol. 35, 1844.

[25] Battin, R. H., An Introduction to the Mathematics and Methods of
Astrodynamics, AIAA Education Series, 1999.

[26] Darboux, G., Legcons sur la Théorie Générale des Surfaces et les
Applications Géometriques du Calcul Infinitesimal, Gauthier—Villars,
Paris, 1887, Chap. 2.

[27] Fasano, A., and Marmi, S., Analytical Mechanics, Oxford Univ. Press,
New York, 2006.

[28] Lurie, A. L., Analytical Mechanics, Springer, New York, 2002.

[29] Angeles, J., Fundamentals of Robotic Mechanical Systems: Theory,

Methods, and Algorithms, Springer, New York, 2006.

[30] Bartels, R. E., “A Numerical Scheme for Ordinary Differential
Equations Having Time Varying and Nonlinear Coefficients Based on
the State Transition Matrix,” NASA TM-2002211776, 2002.

[31] Gantmabher, F. R., The Theory of Matrices, Chelsea, New York, 1959,
Chap. 11.

[32] Condurache, D., and Martinusi, V., “Exact Solution to the Relative
Orbital Motion in Eccentric Orbits,” Solar System Research, Vol. 43,
No. 1, 2009, pp. 41-52.
doi:10.1134/S0038094609010043

[33] Condurache, D., and Martinusi, V., “TOChNOE REShENIE ZADAChI
OTNOSITEL’'NOGO ORBITAL'NOGO DVIZhENIYa PO EKST-
SENTRIChESKOI ORBITE,” Astronomicheskii Vestnik/Astronomy
Review, Vol. 43, No. 1, 2009, pp. 44-55.

[34] Condurache, D., and Martinusi, V., “A Complete Closed Form Vectorial
Solution to the Kepler Problem,” Meccanica, Vol. 42, No. 5, 2007,
pp. 465-476.
doi:10.1007/s11012-007-9065-7



http://dx.doi.org/10.1134/S0038094609010043
http://dx.doi.org/10.1007/s11012-007-9065-7

